We introduce a new stacking method in Keplerian disks that (1) enhances signal-to-noise ratios (S/N) of detected molecular lines and (2) that makes visible otherwise undetectable weak lines. Our technique takes advantage of the Keplerian rotational velocity pattern. It aligns spectra according to their different centroid velocities at their different positions in a disk and stacks them. After aligning, the signals are accumulated in a narrower velocity range as compared to the original line width without alignment. Moreover, originally correlated noise becomes de-correlated. Stacked and aligned spectra, thus, have a higher S/N. We apply our method to ALMA archival data of DCN (3-2), DCO
INTRODUCTION
Studying the physical and chemical structures of protoplanetary disks is essential to understand the environment of planet formation (e.g., Dutrey et al. 2014) . With the Atacama Large Millimeter/submillimeter Array (ALMA), protoplanetary disks can be observed with resolutions <0.
′′ 1 (e.g., ALMA partnership et al. 2015) . Although molecular lines can be simultaneously observed with ALMA, their images are typically generated at resolutions of a few times 0.
′′ 1, lower than continuum images (e.g., ALMA partnership et al. 2015; Qi et al. 2015) , because the sensitivity of line observations is limited by their narrow line widths (on the order of 10 km s −1 ). Therefore, intensity distributions of molecular lines cannot be directly compared with (sub-)millimeter continuum data. Besides, even with ALMA, there are faint molecular lines that remain difficult to detect. In order to advance our understanding of physical and chemical structures in protoplanetary disks, it is, thus, important to develop techniques to enhance signal-to-noise ratios (S/N) of molecular-line data and reveal their intensity distributions at higher angular resolutions.
An optimal filtering technique is introduced in Dutrey et al. (2007) to enhance S/N of integrated intensities of molecular-line emission in Keplerian disks. Their technique, however, relies on a best-fit line profile that needs to be derived first from model fitting. This is then adopted to weigh velocity channels for integration. Here, we introduce a new method to enhance the detection of molecular lines while conserving the total integrated flux with minimum assumptions on line profiles. Our method takes advantage of the ordered and symmetric Keplerian rotational velocity pattern. In a Keplerian disk, spectra at different positions have different centroid velocities. Different from directly stacking spectra from different positions in a disk -which is not coherently adding signals -our method first aligns these spectra based Peak intensity remains the same.
Stack
Figure 1. Schematic illustration of stacking three spectra having different centroid velocities (color curves) at different positions (color dots) in a Keplerian disk (orange oval). When aligning the spectra, the signals are shifted to the same velocity, and the line width becomes narrower. As a result, the peak intensity and, thus, the S/N increases after stacking. Without alignment, the signals remain at different velocities, do not coherently add after stacking, and the S/N is not enhanced.
on their expected Keplerian velocities, and then azimuthally and/or radially stacks them. With this alignment, the total integrated flux of the stacked spectrum remains unchanged, but is redistributed into a narrower velocity range, as compared to stacking without prior alignment. As a result, the peak intensity increases, and thus, the S/N is boosted. Stacking techniques are also applied in extragalactic studies. In galaxy samples, spectra of individual galaxies can be redshift-aligned and then stacked to enhance a line detection yielding sample-averaged properties (e.g., Delhaize et al. 2013) . In a single resolved galaxy, molecular-line spectra from different positions can be aligned using observed mean velocities of Hi at the same positions as a proxy. They can then be stacked to measure gas properties at different positions (e.g., Caldú-Primo et al. 2013; Higdon et al. 2015) . In this paper, we focus on Keplerian disks, and we demonstrate our method using ALMA archival data of the protoplanetary disk around HD 163296.
NEW STACKING METHOD
Our method makes use of the Keplerian rotational velocity pattern, which is derived with the inclination ( i), the position angle of the disk major axis ( P A) and stellar mass ( M * ). M * , i, and P A can be measured from continuum and molecular-line images with sufficient S/N. We first correct for the plane-of-sky projection and compute the expected Keplerian velocity at every pixel in the disk. Assuming that the disk is geometrically thin, the projection correction is x = ∆α sin P A + ∆δ cos P A, y = ∆δ sin P A − ∆α cos P A,
where x and y are the positional offsets along the major and minor axes, and ∆α and ∆δ are the RA and Dec offsets with respect to the central star. The de-projected radius ( r) in the disk plane is computed as
and the projected Keplerian velocity ( V k ) at the position (∆α, ∆δ) as
where G is the gravitational constant and cos θ = x/r. We first align spectra ( I V ) from different positions (∆α j , ∆δ j ) by shifting them by their V k,j (∆α j , ∆δ j ). We then stack them, i.e., add coherently in velocity, as
where V is the relative velocity with respect to the systemic velocity of the disk. N is the number of pixels within the radial and azimuthal ranges adopted for stacking. Figure 1 illustrates the stacking process. Additionally, since the Keplerian rotational velocity pattern is mirror-symmetric with respect to the disk minor axis, spectra from one side of the minor axis are first reversed with respect to their V k before being stacked with spectra from the other side 1 . Alignment is not possible for small r when V k ∝ r −0.5 is beyond the velocity band. Such pixels can still be stacked, but the alignment cannot be applied.
In our approach, we coherently stack (i.e., add after aligning) spectra from different positions in a Keplerian disk. In the following we derive approximate formulae for the achieved S/N gain in this process. We explain the two effects that make this possible, namely (1) narrower line widths and (2) the de-correlation of initially correlated noise. In order to be explicit, we illustrate our calculations for azimuthally averaged spectra.
Narrower Line Widths
Without any alignment, the line width of an azimuthally averaged spectrum (∆V na ) at a radius r in a Keplerian disk is approximately
where θ = 0 is adopted because V k reaches its maximum along the major axis. The factor of two results from V k having opposite signs (blue-and red-shifted) with respect to the systemic velocity on the two sides of the disk. The line width of an azimuthally averaged spectrum after alignment in velocity (∆V a ) is related to its intrinsic line width (∆V int ) and line broadening due to beam convolution (∆V conv ) over positions with different V k . ∆V int is a combination of thermal and turbulent line widths together with the integration along the line of the sight passing through different scale heights, where the rotational velocities are different. Observations of a sample of protoplanetary disks show that the typical 1σ line width of ∆V int is
where q ranges from −0.3 to −0.1 (e.g., Piétu et al. 2007) . ∆V conv can be described as
where A b is the area of the synthesized beam. ∆V a is then estimated as
where the factor of four results from considering the line width covering most of the total integrated flux, i.e., the full-width-zero-intensity (FWZI) line width, which is approximately 4∆V int .
De-correlation of Correlated Noise in Interferometric Images
Interferometric images are generated by Fouriertransforming visibilities. Thus, in an interferometric image, pixels within a synthesized beam area are not independent but are correlated, while pixels in different velocity channels are independent from each other. Therefore, when averaging over an area (A ave ) without alignment in velocity, the number of independent pixels is approximately A ave /A b . On the contrary, when computing an average spectrum after velocity alignment, averaging is performed over pixels that originally were in different velocity channels. As a result, the number of independent pixels increases. Generally, the number of independent pixels increases when the difference in V k between nearby pixels is larger than the velocity channel width dv. The spatial scale A dep where the difference in V k becomes larger than dv can be derived as
and only pixels within A dep are correlated after alignment. Hence, the number of independent pixels when averaging over A ave after alignment becomes A ave /A dep . We note that A dep has a limited range,
where A pix is the area of one pixel. This is because the minimum scale in an image is one pixel, and in interferometric images pixels separated by more than the synthesized beam size are inherently not correlated.
Approximate Formulae for S/N Enhancement after Stacking with Alignment
Since the total integrated intensity over all velocity channels remains unchanged after alignment, the peak intensity of azimuthally averaged spectra after alignment in velocity increases approximately as ∆V na /∆V a . Noise, on the contrary, decreases as the square root of the number of independent measurements after averaging, i.e., by A b /A dep . As a result, the S/N of azimuthally averaged spectra at the peak after alignment is boosted by
while the S/N of the total integrated intensity or the mean intensity per channel of azimuthally averaged spectra is enhanced after alignment by
where ∆V na and ∆V a are explicitly derived in Section 2.1. The S/N enhancement in azimuthally averaged spectra after alignment (R sn ) can then be estimated as
At outer radii, the velocity gradient (∂ r V k ) is small, 4∆V int ≫ ∆V conv , and thus,
At inner radii, where ∆V conv ≫ 4∆V int ,
Therefore, the S/N enhancement increases with smaller radii and flattens at larger radii. The improvement is small when V k is beyond the velocity band and when r is small compared to the beam size. The S/N enhancement further depends on the accuracy of V k at individual positions. Therefore, the (unknown) scale heights of molecular distributions in a disk, uncertainties in stellar mass and disk orientation, and coarse velocity resolutions lead to more inaccurately aligned spectra, leaving the signal spread over a wider velocity range even after alignment. Hence, these effects reduce the S/N of stacked spectra after alignment, and a maximum S/N is achieved when correct stellar mass and disk orientation are adopted. Consequently, this method can also be used to calibrate estimated stellar mass and disk orientation. Since the S/N enhancement is related to the ratio of line widths of spectra with and without alignment, this method is more effective for disks originally having wider line widths, i.e., disks with larger stellar masses and closer to edge-on. Stacking with alignment can be performed over any meaningful combination of radial and azimuthal ranges as long as the chosen area leads to the desired S/N. Hence, this method can also be used to extract intensity profiles (when stacked azimuthally in radial bins) or azimuthally asymmetric distributions (when stacking azimuthally distinct sectors).
DEMONSTRATION CASE: HD 163296
HD 163296 is a Herbig Ae star at a distance of 122 pc (van den Ancker et al. 1998) . It is surrounded by a several hundred-AU disk showing a clear Keplerian rotation with a central stellar mass ∼2.5 M ⊙ (from CO, HCO + , and their isotopes; Mannings & Sargent 1997; Isella et al. 2007; Hughes et al. 2008; de Gregorio-Monsalvo et al. 2013; Mathews et al. 2013; Rosenfeld et al. 2013 ). Inclination and position angle are measured to be ∼45
• and ∼130
• (Isella et al. 2007 ). Its three-dimensional structure is imaged in CO with ALMA (de GregorioMonsalvo et al. 2013; Rosenfeld et al. 2013 ). Observations in 13 CO, DCO + , and N 2 H + have revealed the location of the CO snow line at r ∼ 90 AU (Qi et al. 2011 (Qi et al. , 2015 Mathews et al. 2013 ). The ALMA DCO + and N 2 H + images clearly show ring-like structures (Mathews et al. 2013; Qi et al. 2015) . Several additional molecular lines toward HD 163296 were selected by ALMA but remain marginally or not at all detected. This disk is, thus, an excellent proof-of-concept target.
The HD 163296 data analyzed here are retrieved from the ALMA archive (project code: 2013.1.01268.S). Observations were done with 31 to 33 antennas during the cycle-2 observing period on July 27-29, 2014. HD 163296 was observed for 3.6 hours in total. The pointing center was α(J2000) 
RESULTS AND DISCUSSION
Figure 2 presents the total integrated intensity (moment 0) maps of the six molecular lines from archival data. DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ) are clearly detected at S/N 10, showing ring-like structures. Such structures are also seen in ALMA DCO + (4-3) and N 2 H + (3-2) observations of HD 163296 (Mathews et al. 2013; Qi et al. 2015) , and H 2 CO (3 1,2 -2 1,1 ) and (4 1,4 -3 1,3 ) are suggested showing ring-like structures from observations with the Submillimeter Array ). DCN (3-2) and N 2 D + (3-2) are also detected in our moment 0 maps at S/N ∼5. DCN (3-2) is offset from the center and more compact than DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ). N 2 D + (3-2) displays several clumpy components, hinting a ring-like structure. The H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ) maps show no clear detections. Figure 3 exhibits azimuthally averaged spectra without alignment in velocity (black histograms). The radial ranges for averaging are adopted to be R < 300 AU (∼2.
′′ 5) for DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ), (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ), R < 200 AU (∼1.
′′ 6) for DCN (3-2), and 100 < R < 300 AU (∼0.
′′ 8-2. ′′ 5) for N 2 D + (3-2). As we show below, these radial ranges are the regions where the emission lines primarily originate from. The spectra of DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ) are clearly detected at S/N > 10. They show double peaks, the characteristic line profile of Keplerian rotation. The spectra of DCN (3-2) and N 2 D + (3-2) are seen at <4σ. H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ) are neither detected in their moment 0 maps, nor their spectra, nor their image cubes.
The red histograms in Figure 3 display azimuthally averaged spectra with alignment, following our method, where averaging is over the same radial and azimuthal ranges as above. The black histograms show original spectra with a line width ∼6 km s −1 for DCO + (3-
H 2 CO (3 0,3 -2 0,2 ) H 2 CO (3 2,1 -2 2,0 ) H 2 CO (3 2,2 -2 2,1 ) H 2 CO (3 2,1 -2 2,0 ) H 2 CO (3 2,2 -2 2,1 ) Figure 3 . Averaged (radial and over full azimuthal range from 0 to 2π) spectra of DCO + (3-2), DCN (3-2), N2D + (3-2), and H2CO (30,3-20,2), (32,2-22,1), and (32,1-22,0) in HD 163296. Black histograms present the conventional averaged spectra from the original image cubes, and red ones are from our method that aligns the centroid velocities of the spectra according to their Keplerian velocities at different positions within the disk area before averaging.
2) and H 2 CO (3 0,3 -2 0,2 ). After applying our method, the signals are accumulated in a much narrower velocity range of ∼1 km s −1 . As a result, the peak intensities of the spectra increase by a factor ∼5, thus boosting their S/N. Fluxes integrated over the full velocity range of the new spectra of DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ) are measured to be 12.9±0.1 and 4.9±0.1 mJy Beam −1 km s −1 , and are consistent with those from the original spectra (11.4±0.2 and 4.5±0.3 mJy Beam −1 km s −1 ). DCN (3-2) and N 2 D + (3-2) are seen more clearly at >10σ in the averaged spectra with alignment. Their S/N are enhanced by a factor of 4. Strikingly, H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ) -which are not detected at all in the moment 0 maps nor the spectra in the original data -are now clearly visible.
In Figure 4a , we compare radial intensity profiles de-H 2 CO (3 2,2 -2 2,1 )
H 2 CO (3 2,1 -2 2,0 ) DCN (3-2) DCO + (3-2) H 2 CO (3 2,2 -2 2,1 ) H 2 CO (3 2,1 -2 2,0 ) H 2 CO (3 0,3 -2 0,2 ) Figure 4 . (a) Radial intensity profiles of DCO + (3-2), DCN (3-2), N2D + (3-2), and H2CO (30, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] 2) , (32,2-22,1), and (32,1-22,0) in HD 163296. Black, blue, and red histograms present the profiles derived with (1) moment 0 maps, (2) averaged spectra without alignment, and (3) averaged spectra with alignment. Error bars correspond to 1σ uncertainties. The profiles from all three methods are measured at the same radial bins. For clarity, black and blue data points are slightly off-set from the centers of the radial bins. (b) Radial profiles of S/N enhancements (data points) of measured intensity profiles from averaged spectra with alignment compared to method (1) using moment 0 maps (black) and method (2) with averaged spectra without alignment (blue). The enhancement is computed by dividing the S/N from method (3) by those from method (1) rived with three different methods: (1) from the original moment 0 maps, (2) from azimuthally averaged spectra without alignment, and (3) from azimuthally averaged spectra with alignment 2 . The profiles from all three methods have the same radial bins and are averaged over the full azimuthal range of 2π. Each radial bin is half of the synthesized beam size. The intensity profiles extracted from the moment 0 maps are derived by computing mean values of pixels in each radial bin, with their uncertainties estimated as
where N 0 is the number of velocity channels included to generate the moment 0 maps, σ is the noise per velocity channel in the original image cubes, and A ave corresponds to the area of each radial bin. For the intensity profiles derived from azimuthally averaged spectra with and without alignment, we first stack spectra only from pixels in the same radial bin with and without align-ment, respectively. Then we compute the integrated intensity and divide it by the number of the pixels in the radial bin to derive a mean integrated intensity at each radius. Their uncertainties are estimated as
where σ a is the noise per channel in the averaged spectra and N is the number of integrated velocity channels. As explained in Section 2, σ a and N of the averaged spectra with alignment are smaller than those without alignment because of noise de-correlation and narrower line widths. Since the total integrated flux is conserved in all three methods, intensity profiles necessarily need to be consistent within uncertainties. This is, indeed, observed for DCO + (3-2) and DCN (3-2) which are detected at high significance in the original data. In contrast, the two weakest lines, H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ), seem to show differences. This is because their intensities are comparable to their uncertainties when directly working with their moment 0 maps or their averaged spectra without alignment. These intensity profiles are, thus, highly uncertain. Here, method (3) is clearly superior, greatly reducing uncertainties and being the only one of the three methods that is able to measure radial features.
In Figure 4b we compare gains in S/N for the intensity profiles from the three different methods. Only data points at radial bins where all three methods show a detection at more than 3σ are plotted. DCO + (3-2) and DCN (3-2) show ratios in the S/N of intensity profiles from averaged spectra with alignment that are ∼4-6 times higher than those from moment 0 maps, and they are ∼2-4 times higher than those from averaged spectra without alignment. Our results further show that only with the boost in S/N provided by our method of alignment, the intensity profiles of the weaker H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ) lines can be measured at high significance. Additionally, the integrated intensities computed from averaged spectra with alignment tend to be higher than those from method (1) and (2). This is because our method with alignment can detect fainter emission, originally embedded in the noise, due to the effect of de-correlation. Furthermore, our method gives a better constraint on the inner and outer radii of the N 2 D + (3-2) ring, where emission is only marginally detected with method (1) and (2). In 2 We also applied our alignment method to dirty maps to extract intensity profiles. The profiles are consistent with those from CLEANed maps within ∼5%-10% at radii 250 AU (∼2 ′′ ), which is the radius of the first strong negative side lobes at a ∼3% level. This comparison shows that our intensity profiles are largely unaffected by imperfect deconvolution.
conclusion, our method of alignment can measure intensity profiles of weak molecular lines at high significance, providing constraints on size, width, and depth of cavities, gaps, and rings (if present) in protoplanetary disks where molecular-line intensity is low.
We further compute the expected S/N enhancement (Equation 13) to compare with our observational results (Figure 4b ). We adopte ∆V int ∼ 0.3 × (r/100 AU) −0.3 . For the S/N enhancement compared to method (1), we substitute ∆V na (which is a function of radius) with a constant velocity width of 9.3 km s −1 , that is the velocity width we integrated to generate the moment 0 maps. The S/N enhancements in DCO + (3-2), DCN (3-2), N 2 D + (3-2), and H 2 CO (3 0,3 -2 0,2 ) are consistent with expectation, except at radii smaller than the synthesized beam size where the observed enhancement is lower, and Equation 13 is not valid any longer.
For a visual impression, we reconstruct moment 0 maps from the radial profiles (Figure 5a ), noting that the actual emission distributions appear not to be fully axisymmetric (Figure 2 ). The intensity distributions of H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ) are similar to those of DCO + (3-2) and H 2 CO (3 0,3 -2 0,2 ), and the intensities peak at radii around ∼100 AU. In addition, all three H 2 CO transitions show flat distributions at radii beyond 200 AU. This is different from DCO + (3-2) and DCN (3-2) that show more steeply declining profiles. The ring-like structure in DCN (3-2) is possibly located closer (at a radius of ∼50 AU) to the center than those in DCO + and H 2 CO, while the ring-like structure of N 2 D + is further outside than all the other lines at around 200 AU. This trend is consistent with the observational results in DCO + (4-3) and N 2 H + (3-2) in HD 163296 (Mathews et al. 2013; Qi et al. 2015) , which show N 2 H + (3-2) having a larger inner cut-off radius than DCO + (4-3). Similarly, we can also measure mean integrated intensities of azimuthally distinct sectors to investigate asymmetric intensity distributions. We divide the outer disk at r 0.
′′ 45 (the beam size) into azimuthally and radially distinct sectors, each sector spanning 1.5 times the beam size along the radial axis and 45
• in azimuth. The inner disk inside r < 0.
′′ 45 is still azimuthally averaged over 2π because position angles of individual pixels cannot be computed accurately for such small radii with this resolution. For each sector, we align and stack spectra from every pixel within its radial and azimuthal range, divide the stacked spectra by the number of pixels included, and measure the total integrated intensity. The reconstructed moment 0 maps are presented in Figure  5b . In the original moment 0 map (Figure 2 ), DCO + (3-2) is brighter towards the northwest and the southeast, and N 2 D + (3-2) shows brighter clumps towards north and south. These features are also identified in the reconstructed maps (Figure 5b) . The original bright DCN
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H 2 CO (3 0,3 -2 0,2 ) H 2 CO (3 2,1 -2 2,0 ) H 2 CO (3 2,2 -2 2,1 ) Figure 5 . Reconstructed moment 0 maps of DCO + (3-2), DCN (3-2), N2D + (3-2), and H2CO (30,3-20,2), (32,2-22,1), and (32,1-22,0) in HD 163296 from intensity profiles from our method of azimuthally averaging (a) over 2π and (b) over azimuthally distinct sectors with alignment.
(3-2) emission towards east is mostly in the innermost bin that is now averaged over 2π. Hence, this feature is not clear in the reconstructed map (Figure 5b) . A fainter emission towards southwest is now revealed in H 2 CO (3 0,3 -2 0,2 ), and the previous non-detections now show patchy detections in H 2 CO (3 2,2 -2 2,1 ) and (3 2,1 -2 2,0 ). The detailed interpretation of the different distributions of these molecular lines is beyond the scope of the present paper and is not discussed here.
In summary, our results demonstrate that by aligning spectra with different centroid velocities from different positions in a disk and stacking them, we are able to enhance the S/N of molecular-line data and materialize spectra of molecular lines that are originally undetectable. Our method can significantly lower the detection limit of molecular lines and, thus, be applied to search for faint molecular lines in protoplanetary disks. Furthermore, because of the S/N enhancement, intensity profiles of molecular lines can be measured more accurately and in smaller bins, which is equivalent to achieving higher spatial resolutions. Molecular-line images can also be generated at higher angular resolutions because more weighting can be given to longer baselines, which typically are noisier, but their S/N can be enhanced with this method. Finally, our method can be applied not only to molecular-line data of protoplanetary disks but to any systems having ordered kinematic patterns.
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